Quantum Walks on Noncommutative Geometries

Rayan Trabelsi
April 2026

Abstract

We study the discrete time quantum walk of a Dirac particle in 241
dimensions. After proving that the discretized evolution preserves rela-
tivistic causality, we explore the geometric consequences of introducing
a magnetic gauge field. The gauge coupling prevents spatial shift oper-
ators from commuting, transforming the underlying lattice into a non-
commutative geometry. Using Alain Connes distance, we analytically
compute the distance between localized Gaussian states in the commu-
tative/noncommutative and continuous limits. Finally, we formulate the
noncommutative distance on the discrete lattice as a constrained opti-
mization problem, demonstrating how the magnetic field fundamentally
entangles spatial and momentum degrees of freedom.

This work is being financed by Quantum Saclay.
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1 Introduction

Quantum walks are the quantum analogues of classical random walks. The
Discrete Time Quantum Walk (DTQW) [1, 2, 3] simulates the Dirac equation,
which provides a framework for studying relativistic quantum mechanics on a
lattice. Discretizing the continuous time evolution of a Dirac particle gives a
local unitary operator that defines the dynamics of a quantum walker. In a
standard continuous space, or on a simple grid, the geometry governing this
walk is commutative.

However, introducing a magnetic field changes the underlying structure of
the space. In the continuous regime, a magnetic field couples to the momentum
of the particle. On a discrete lattice, this gauge coupling modifies the spatial
translation operators. When the magnetic field is non zero, spatial shifts along
the « and y axes no longer commute ([T,,Ty] # 0). The walker accumulates
position dependent phases depending on the path taken. If we suppose that the
two spatial axes do not commute anymore, we lose the classical notion of points
because of Heisenberg uncertainty principle that prevents the walker from being
exactly localized in z and y simultaneously. Therefore, the standard Euclidean
grid breaks down, forcing us into noncommutative geometry.

Noncommutative Geometry (NCG) [4, 5, 7] reconstructs geometric proper-
ties such as distance from the algebra of observables, without relying on classical
coordinate points, which is useful in order to study the spread of a quantum
walker in such regimes. In this noncommutative setting, the most reasonable
way to approximate the exact spatial points that we lost is through Gaussian
wavepackets (rotation invariant states of minimal uncertainty). By evaluating
the Connes distance [6] between such states, we can rigorously estimate how far
the walker has spread in a space where position and momentum are entangled.

This document is structured as follows. In Section 2, we introduce the
mathematical preliminaries of NCG, defining the spectral triple (A, H, D) and
illustrating how the choice of algebra dictates the geometry. In Section 3, we
construct the discrete Dirac quantum walk in both free space and under a mag-
netic field. We then prove in Section 4 that this discrete evolution respects
relativistic causality [8]. Finally, in Section 5, we evaluate the Connes distance
for this system. We begin with the continuous setting, calculating the distance
between Gaussian states first in a commutative algebra (recovering classical Eu-
clidean distance) and then in a fully noncommutative algebra. We then switch
to the discrete setting, estimating the distance under both commutative and
noncommutative limits.



2 Mathematical Preliminaries

2.1 NCG and Connes distance

Classical geometry is built on the concept of a space formed by a set of points.
Observables in this classical framework are continuous, complex functions de-
fined on these points. The Gelfand-Naimark theorem shows that this point of
view can be reversed: a space can be entirely reconstructed from the algebra of
continuous functions defined on it. In other words, knowing all the functions
on a space is equivalent to knowing the space itself. Or more precisely, every
commutative C*-algebra can be seen as the algebra of continuous functions on
some topological space, and this correspondence is one to one and preserves
structure. In this setting, the pointwise product of any two observables is com-
mutative (f-g=g- f).

Alain Connes developed Noncommutative Geometry (NCG) by taking this
algebraic translation a step further. If we replace the commutative algebra with
a noncommutative algebra which reflects quantum mechanics where generally
observables do not commute (A - B # B - A), the classical notion of sharply
localized points breaks down due to the Heisenberg uncertainty principle. We
lose the continuous manifold of points, but the algebraic structure remains,
allowing us to still "do geometry” even without an underlying set of points.

Without classical points, the geometric space must be studied using ”states”.
Mathematically, a state ¢ (a state functional and not a state/vector on a Hilbert
space) is defined as a normalized, positive linear functional on the algebra.
Instead of evaluating a classical function at a specific point x (giving f(z)), we
evaluate an operator a € A through its expectation value in a specific state,
denoted ¢(a). This matches the physical interpretation of quantum systems,
where states describe distributions rather than exact positions and objects such
as Gaussian wave packets can be viewed as the closest analogue to “locations”
in a noncommutative space.

To introduce a notion of distance, Connes defined the concept of a spectral
triple, denoted as (A, H, D):

e A: A C*-algebra of bounded operators. The choice of this algebra (whether
it commutes or not) defines the underlying topology and the "space” itself.

e H: A Hilbert space over which the elements of A act as bounded linear
operators.

e D: A selfadjoint Dirac operator with compact resolvent. It encodes the
differential structure and acts as the fundamental ”ruler” or metric of the
space.

(In general, A can be any involutive algebra of operators such that the commu-
tators [D, a] = Da — aD are bounded for any a € A)
The classical distance between two points is generalized by the Connes dis-



tance between two states ¢ and :
dp(¢, ) = Slelg{laﬁ(a) —(a)] - [[[D,a]|| <1}

This expression can be understood as measuring how well the two states can be

distinguished using observables with bounded variation. The condition ||[D, a]|| <
1 is analogue to a Lipschitz continuity bound. Because the Dirac operator be-

haves as a first order differential operator, its commutator with a captures how

rapidly (the ”gradient”) the observable varies. Bounding this gradient restricts

how "fast” the test operator can vary across the space, which ensures that the

supremum remains finite.

2.2 Examples: Two point space and Qubit space

These two simple examples aim to illustrate how the change of the algebra
affects the geometry. The spectral triple is :

o H=C2

° D:m0'12<0 m)‘
m 0

o A: We will use two different algebras.

2.2.1 Two point space

We restrict our algebra to purely diagonal matrices:

A:{a:<hbl ]_?2> Zhl,hQGC}

Because all diagonal matrices commute, A is a commutative algebra. We define

h= <(1)) and [J) = ((1)> The pure states on this algebra (state functionals)

|
are:

(Tlal 1) =M
({4 lal 1) = ho

Let us evaluate the commutator [D, a]:
. 0 m hl 0 . hl 0 0 m
[D’a]_(m 0)(0 h2> (0 h2> (m 0)
o 0 mho B 0 mhq
o mh1 0 mhg 0

_ <m(h10— . m(hgof h1)>



Let C = [D,a]. Then:

CTC = |m|?|hy — hol*T
Therefore,

D, alll = |m| [k — hel
The constraint ||[D, a]|| < 1 becomes:

1
|h1 — ho| < —
m

Now compute the distance:

1
(@m¢>wp@mhﬂwmhﬂg}
h1,h2 |m|

1
m|

Thus, the geometry consists of two discrete points separated by a distance

1/Im).

2.2.2 Qubit space

Now A = M5(C) is a noncommutative algebra.
Any element can be expressed as:

a=hol +h-&=hol + heoy + hyo, + h.o.
where hg € R and h € R3.
We define pz and pz the density matrices associated to @ and ¢. (if ||| = ||0]| =

1, then they are pure states).

1
pr= ([ +1i-5)

Therefore

ISalA~ ]

The difference is given by

—

(ulalu) = (vlalv) = (@ - 7) - h



The commutator

[Dv a] = [mo—la a]
= m(hy[ox, oy + h:los, JZ])
= m(2ihyo, — 2ih.0,)

= 2im(hyo, — h,oy)

Then
C'C =4m?(hi + h3)I
So
(D, alll = 2[m[\/ 5 + h2
Constraint
h2+h? <
y TS A|m]?
h, is unconstrained.
Thus .
dp(u,v) = sup{(ﬁ—U) e hz +h? < 4|m|2}

If u, # v, the distance is infinite.
If u, = v, then

Lo 1
Ap(7) = gy = 0)? o+ (s = v2)?

Switching to a noncommutative algebra changes the structure of the space.
States that differ along the = axis (u, # v,) become infinitely distant. This
means that the geometry decomposes into disjoint, inaccessible planes. The
metric is no longer a simple measure of coordinate distance.

3 Dirac Quantum Walk

3.1 Discretization of a free Dirac Hamiltonian
The continuous Hamiltonian of a free Dirac particle in 2+1 dimensions (two
spatial and one time dimension) is given by:

Dfree = Moy + OzPy + 0:px

The time evolution of this system over a duration ¢ is governed by the unitary
operator W = e~ #Psrec. To build a DTQW (discrete time quantum walk), we
discretize the time into intervals of a very small time step €, such that ¢ = Ne.



Substituting the momentum operators p, = —id, and p, = —id,, the single
step evolution operator W, becomes:

W. = e—ie(moy+oepy+0:pa)
— e—imeoy—eozay—eazaz

Since the Pauli matrices do not commute, we apply a first order trotterization

to separate the terms:

WE ~ 67imeay efeazﬁy 6760'281

=M, - (HT,H) T,

Here, M, = e~ "™v is a coin rotation that depends on the mass, and H is the
Hadamard operator used to change the basis:

HT,H = e =% = T, = e =%

The operators T, and T, are conditional shift operators on the joint Hilbert
space of the position and the internal coin (spin) state. To map this continuous
translation onto a discrete grid, we link the spatial lattice spacing to the time
step such that Ax = Ay = e. Therefore, a physical translation by a distance
of € corresponds to an index shift of exactly 1. The action of T}, translates the
particle along the y axis depending on its coin state:

Ty lz,y) ®|0) = e~ |z,9) ® |0) = |2,y — 1) ®0)
Tylz,y) @ (1) =™ |z,y) @ [1) = |2,y + 1) @ |1)

—€0, 0,

Similarly, the operator T, = e = gives a conditional translation along

the = axis:
T, |z,y) ©[0) = e~ [a,y) @ |0) ~ |z — 1,y) @ |0)
T, |z,y) @ 1) = e |z, y) @ |1) = |z + 1,5) ® |1)
Notice that the shift operators T, and T, commute ([T,,T,] = 0). This
comes from the fact that the underlying momentum operators p, and p, com-

mute. Therefore, the order of the spatial translations in the x and y directions
can be interchanged without modifying the dynamics of the quantum walk.



|I7y> TJ Tw |xay>
®

T, [Txa Ty] =0 Ty

9
T’y |a:,y> T TyTJJ |$, y> = Ta;Ty |$,y>

Figure 1: Diagram demonstrating the commutativity of spatial shifts.

3.2 Discretization of a Dirac Hamiltonian in a nonzero
magnetic field

Let’s consider now a Dirac particle still in 241 dimensions coupled to a magnetic
field. The momentum operators are modified by a gauge vector potential A =
(Az(y), Ay(x)). Therefore, the Hamiltonian becomes:

D =10, + 10, + moy
where

M = pe — Asz(y)

I, = py — Ay(2)
In the limit where A,(y) = Ay(x) = 0, we recover the Hamiltonian of a free
particle.

Using the same logic as in the case of a free Hamiltonian, W, becomes:

We — e*ie(HmUz%»Hyaerma'y)
~ e—imeay e—ieﬂyal e—ienmoz
=M. - (HT,H) T,

The mass operator M, remains identical to the free particle case, since the
magnetic field couples only to the momentum and does not affect the mass term.
However, the shift operators are now modified by the gauge vector potential:

Tw _ e—isl—lwoz _ e—eam—‘rieAm(y)az

T — efiel_lyaz _ 6768y+i6Ay(Z)(Tz
y = =



Their action is given by:

Ty |z, y) @ [0) = e~ P+ @ |z, 4) @ |0) & M |,y — 1) @ |0)
Ty lz,y) ® [1) = O M@ g y) @ 1) & e D |z y + 1) © 1)

Ty |z, y) ®[0) = e~ P4 W) |2, 4) @ ]0) ~ "MW |2 — 1,y) @ |0)
T lz,y) @ |1) = "m0 g ) @ 1) m e 2 4 1,) @ 1)
Unlike the free particle case, the shift operators T, and T, do not com-
mute (the gauge vector potential A depend purely on the position which do not
commute with the momentum). When they are applied in sequence, the coin
states accumulate position dependent gauge phases. For instance, comparing
the action of T}, T, with T, T, on a basis state |z,y) ® |0) gives:
T, T [,) ©10) 2 AT A g1y 1) ]0)
T.Ty |r,y) ® [0) & MA@+ g — 1y — 1) © 10)

|(E, y> T$ ~ eiEAw(y) Tz |£L’, y>
®

Tz'j ~ e’i,s/ly(.’l?) [TwaTy] ?é 0 Ty ~ eieAy(m—l)

e 9
Ty |z, ) T, ~ eicAs(y=1) T,T, |z, y) # ToTy |z, y)

Figure 2: Diagram demonstrating the noncommutativity of spatial shifts

4 Relativistic Causality

After establishing the unitary evolution of the discrete Dirac quantum walk,
a key requirement is the preservation of relativistic causality. In the contin-
uous regime, the Dirac equation strictly enforces that information propagates
within a causal light cone. However, when switching to a discrete lattice, or
when dealing with standard non relativistic quantum models (such as the free

10



Schrodinger equation), localized wavepackets often spread instantly, violating
strict causality. To ensure that the DTQW remains relativistically consistent,
even in the presence of a magnetic field, we prove that the dynamics satisfy a
Lieb-Robinson type bound. In this section, we will demonstrate that the spatial
support of any localized observable expands by at most one lattice unit per time
step, therefore confirming the existence of a discrete causal light cone.

4.1 Definitions
The system is defined on the Hilbert space
H= 52 (Z2) & HC

where ¢2(Z?) is spanned by the position basis |r) for r» € Z2, and H. = C? is
the coin space spanned by {|0),|1)}.
Let A be the C*-algebra of bounded operators on H.
An operator A € A is localized in a spatial region R C Z? if it can be written
as
A=Ar ® HZQ\’R

where Ax acts non trivially (different than the identity) only on the sites in R.
The support of an operator A, supp(A), is the minimal set R C Z? such
that A acts as the identity on its complement.

4.2 'Walk Decomposition

A single step of our evolution operator (as mentionned above) is:
W.=M,-(HT,H) T,
We decompose this into local and shift operators. Let
Py=10)(0], P =[1)1]

the projectors in the coin space (corresponding to o, eigenstates). The shifts
T, and T, can be decomposed into gauge phases D and conditional shifts 5.

Local Coins (C):
Cy =H, Cy=MH

These act purely on H, at each site.
Gauge Phases (D):

D; = 1) (r| @ ciehi -

These are diagonal operators which apply local phases.

11



Shifts (S):

Se =Y (Ir—ex) (r|® Py +|r +e.) (r| @ P1)

T

Sy =) (r—e,) (rl®@Py+|r +e,) (r|© P1)

r

. . x 1 0
Since we are in 2D, r = (y)’ ey = (0) and e, = <1>

Thus, we rewrite the step as

W.=Cy-Dy-Sy-Ci-Dy-Sy

4.3 Walk Causality

Recall that time was discretized such that ¢ = Ne. For a local observable Ay
at the origin (such that supp(4g) = {0}), we want to prove that the evolved

operator
AN) = (WHN AW

has its support strictly bounded by the causal light cone:
supp(A(N)) € {r € Z* | |Ir| < N}

4.3.1 Lemmas

Lemma 1: Coins Let

=Y Il e,
a unitary operator acting locally on the coin space. If supp(A) C R, then
supp(CTAC) C R

Proof: Because C is block diagonal in the position basis, it commutes with
the spatial projectors |r) (r|. For any A localized in R, CTAC only mixes the
internal coin degrees of freedom within R. It acts as the identity on any 7’ ¢ R.
Thus, the spatial support is invariant.

Lemma 2: Gauge Phases Let

D=3 Ir){r|@e ™

If supp(A) C R, then
supp(DTAD) C R

12



Proof: D is diagonal in the position basis. Let

A= Z |T> <T/‘ ® Or,r’

r,r’€ER

Conjugating by D gives

DIAD = 3 | (/| @ (707 0, 007
rr’'€R

This operation only modifies the coin operator amplitudes using local phases,
it does not generate terms outside of R.

Lemma 3: Shifts Let S, and S, be the conditional shift along the x and y
axes. If supp(A4) C R, then

supp(STAS,) C (R+e,) U (R —e,)

supp(S;ASy) C(R+ey)U(R—ey)

Proof: Any observable supported in R can be written as a linear combination
of operators
A=r){r'® O, rr' €R

Conjugating by S, gives

SIAS, = D7 r+ (=Die) (' + (=1 es| ® (POCP))
i,je{o,l}

The non zero terms exist only for positions shifted by +e,. The same logic
applies to S, expanding the support by *e,.

4.3.2 Theorem
For the quantum walk W, if supp(A) C R, then after one time step
supp(W AW, C{r+d|reR, ||6]lo <1}
Proof: Let Ay be supported on R. One step is
A, = StpicisipiciA,c.D,S,C1 DS,
We apply sequentially the lemmas proved above:

e (5 and D,: the support remains R.
e S,: the support expands by at most +e,. Let this new region be R,,.
e (1 and D,: the support remains R,.

e S.: the support expands by at most +e,.

13



Thus, after one step, the maximum distance any term has spread from R is
one unit in y and one unit in z. Therefore,

supp(A1) C{r + dze, +dyey | 7 € R, 0,6, € {—1,1}}
Induction: By induction, if Ag is supported at the origin at ¢ = 0, then
supp(A(N)) € {r € 2% | |Irl|oc < N}
Therefore, for any local observable B, supported at 7/, we have
[AN), Bl =0 V[ >N

Thus, the walk is causal.

[I7]|co < 2 support
(after 2 steps)
[|7]|co < 1 support
(after 1 step)

Figure 3: The expansion of the support

5 Connes Distance

5.1 The Continuous Framework
5.1.1 Commutative Algebra
5.1.1.1 Spatial distance: We define the spectral triple (A, H, D):

e A: the commutative C*-algebra of essentially bounded, complex valued
functions on space (i.e. L>(R?)).

14



e H: the Hilbert space L?(R?) @ C?

e D: the Dirac operator defined by D = 11,0, + 11,0, +mo, with
= —Zaj —A]‘ :pj — AJ

The distance in NCG is given by:

dp(¢, ) = sgB{ch(@) —¢(a)l : [[D;a]|| <1}

with ¢ and v state functionals (states in the algebraic sense, i.e. expected
value).
Computing the commutator:

[D,a] = [0.11; + 0,11, + moy, a] = [0,11;, a] + 0,11, a] + [moy, d]

We will use test operators that are purely scalar functions of position, taking
the form a = g(r) ® I, so it commutes with the gauge potentials A; (functions
of position) and it commutes with the mass term (identity on the spin space):

[moy,al =0

In order to calculate the two other commutators, we study how they act on a
function f:

oty alf = [iosdalf
w:c(@yaf)Jrzaar( y f)
) —
)

= —iao,(0yf) — ifo,(9ya) +iao,(dyf)
— —ifo,(dya
which means [0,IL,, a] = —io,(dya) and more generally
My, a] = [=i0;,a] = =i (9;a)
Thus
[D,a] = —i0,(0za) — io,(0ya)

=—1 Z v (Oua) = —ivy -

neo,l

with v! = ¢, and 72 = o,.
The condition over the norm of the commutator becomes

I[D,al| €1 <= ||— iy Val| = sup|Va| < 1

Let |¢1) and |(2) be two gaussian states (in the usual sense, i.e, states on a
Hilbert space) centered respectively at r1 and ro with the same width o. To

15



compute the expectation value ¢(a) = ((1lal¢i), we use I = [ d?r|r) (r|:
o(a) = (Glale) = [ dr(Glal) tricy)
= [ @rat) i) i)
~ [ amP e
0(0) = (Glalee) = [ atr) |G s

Since |¢(r)|? is a gaussian probability distribution, the Connes distance be-
comes

dp(Ci,¢2) = sup
a:|Va|<1

[atn oy [ atpairy s

where p; = |(i|?.
We introduce pg such that p;(r) = po(r — ;). Changing variables to z = r —r;
in each integral gives:

dp(Ci,C2) = sup
a:|Va|<1

/ {a(w +7r1) —alx+ T2)j| po(x)d*z

The condition |Va| < 1 implies |a(z +r1) — a(z + r2)| < ||r1 — r2]|. Therefore

(G, Go) < / 71 = rallpo(@) e = [fry — 7

On the other hand, we choose a(r) = Ty - 7 Which satisfies |[Val =1, and

since dp is the sup:

dp(¢1,¢2) > /a(r)pl(r)dzr—/a(r)pg(r)dzr

> a(r1) — a(rs) = >

= ﬂ;g‘:i;;ﬂ"(rl —12) = |lr1 — 2l

We used above the fact that
/a(r)pl(r)d2r—/a(r)pg(r)d2r = /a(rl)po(x)de—/a(rz)po(x)d%
a(rl)/po(x)d%—a(rg)/po(x)de

= a(r1) = a(ry)

Thus, combining the lower and upper bound, we obtain the classical euclidean
distance:

dp(Ci,¢2) = |lr1 — 7o

16



Since (; and (o are both gaussian states and have the same width, the only
difference between them is the spatial distance between their centers. This
is why the Connes distance is the Euclidean distance. If the two states had
different widths, we would expect the formula to give additional terms describing
the quantum ”cost” of the compression or expansion.

5.1.1.2 Spin distance: Another simple example worth mentioning is the
pure spin distance.
Consider two states at the same position (so spatial distance is 0), they share

. . . . 1 .
the same spatial wavepacket |a), but with opposite spins: |1) = <0> (spin up)

and |}) = ((1)> (spin down).
The full states in H are:

1) = lo) @ |1)
b)) = o) ® 1)

To distinguish them, we need a test operators that act purely on the internal
coin space and has different values on the diagonal, taking the form

h 0
CLI@(O _h)1®hl0—z

where h is a constant number. Notice that the algebra is commutative.
Because (a| I |a) = 1, the difference in expectation values is simply

(Urlalr) = (Wylalyy) = h = (=h) =2h

The commutator becomes
(D, a] = [0.11; 4+ 0,11, + moy, ho.]

= ([0, 021, + [0, 0T, + mioy, 0]

- h(o — 20,11, + 2z'max)

= 2ih(mo, —I1,0y)
Let C' = [D,a). We need to calculate (CTC)= to get norm of the commutator
*(mo, — ,0,)(mo, — ,0,)
= 4|h]2(m?o? + H202 — mllyoy0y — Ilymoyoy)
— 4|h2 ((m® + T2)T — mII (Uxay—i-ayox))
=4|n[*(m* + 1)1

17



Assuming we are in a subspace where the momentum operator 11, has a bounded
eigenvalue 7, the operator norm is:

1D, ]|l = 2|h[y/m? + =

Using the condition of Connes distance ||[D,a]|| <1

1
2,/m? +7r§

Therefore, using the difference in expectation values, we get

2lh|\/m? +72 <1 = |h| <

1

1/mQ—I—WZ

Normally, one would expect the distance to be zero since both [i4) and
[t;) share the exact same position. By using an algebra that includes the
diagonal spin matrix, we have implicitly expanded our geometry from a simple
2D continuous plane into a space with two sides: R? x {1,|}. The two spin
states live at the same spatial coordinates, but on different sides of this space.
The Connes distance shows that the geometric separation between these two
sides is not arbitrary, but is defined by the physical parameters of the Dirac
operator.

dD (w'ﬁa ¢i) =

5.1.2 Noncommutative Algebra

We've restricted, in the commutative case above, the test operator to purely
scalar functions of position, taking the form a = g(r) ® I,. This implies the
search of a supremum in the algebra of bounded position functions, which is
a commutative algebra, and much smaller than the full algebra of bounded
operators.

In order to study the full algebra of bounded operator A, we cannot use poly-
nomials of position and momentum as a test operator because the momentum
is unbounded, and therefore a ¢ A anymore.

We will use

o= ei(k'ﬂ_q‘p) ® IQ — eik"feiQ‘Pei(k"J)/Q ® 12

where r is the position, p is the momentum, and k = (27”) and ¢ = (?) are
Y y

real vectors.
Evaluating the commutator

Recall that our Dirac operator is: D = Il,o, + Il o, + mo, with II; =
—iaj — Aj = pj — Aj.

18



Since a is the identity on the spin space, the mass term commutes:
[moy,al =0
We need to compute [I1;, a] = [p;,a] — [4;(r), a]. First, starting by:

ikw] ik-r]

= [pjv €
_ _,L'ajei(kwarkyy)

[pJ7 €

= —i(ikj)eik'r
=k ‘eikm
-
Using [X,YZ] = [X,Y]Z +Y[X, Z]:
[pj,al = [pj, eik'reiq'f’ei(k-q)/?]

= [pj’eik~r]eiq~Pei(k-Q)/2 + eik'r[pj,eiq'p}ei(k'qu

— (kjeik.r)eiqpei(k.q)/g 10

= kja

We evaluate the second commutator that depends on the gauge terms [A;(r), al.
Since iq - p = q - V, expanding €4’V as a taylor series acting on a function f(r):

. — (¢- V)"
Vi) =3 Ty
n=0
By definition, this is the expansion of f(r + ¢). Therefore:
) = f(r+ 0

If we apply €'?PA;(r) to a wavepacket 1(r), the translation operator shifts
everything to its right:

el (A;(r)e(r)) = Aj(r + @) (r + q) = A;(r + q) (e P(r))
= ePA(r) = Aj(r+ q)e'??

Since A;(r) commutes with the position exponential e**”

[Aj(r), al = A;j(r)a — ad;(r)
= Aj(r)a — e TeirPeik0/2 A (1)
= A;(r)a— eik"'Aj (r+ q)eiq‘pezi(k'q)/2
=A;(r)a—A;(r+q)a
= (4;(r) = A;(r +q))a

We conclude that

[I,,a] = kja — (Aj(r) —Aj(r+ q))a =V;(r)a
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with V}(’I’) = kj — AJ‘(T) + Aj('l" + (J)
Therefore
[D,a] = (VI(T)O'Z + Vy(r)aw)a

If the magnetic field is uniform (which we will assume later), then the commu-
tator is bounded. But for exponential or quadratic magnetic fields (non linear),
it is unbounded unless A;(r + ¢) — A;(r) is bounded in r which is a strong as-
sumption.

Computing the norm ||[D, a]]:

D, a]f[D,a] = af (Vm(r)oz + Vy(r)az)za

o (Va(r)? + Vy(r)?) B2 0

=al <Vw(7‘)2 + Vy(r)Q) a

— o—ilk-a)/2 ,—iq-p —ik-r (VI(T')2 +Vy(r)2) otk T giap i(k-q)/2

— e tap (Vx (T)2 +V, (T)2>eiq-17
= Va(r —q)* + Vy(r — q)?

Therefore,

ID; all| = sup Va(r)? +Vy(r)? = sup \/(kw — A () + Au(r + )" + by — Ay (1) + Ay (r + )2

5.1.2.1 Free Dirac (no magnetic field) Taking A, = A, =0, the condi-
tion becomes:

ID;alll = [kl <1

Choosing a HIH eFretareiha)/2x)L, we saturate the condition above: ||[D, a]|| =
1.

Changing the variables * = r — r;, the state functionals, as defined above for
the gaussian states, become:

ba) = (Gl alcr) = ”71Hei<k'q>/2 [ametat - aar
= ik [ w0l [ e+ g }
0(o) = (@lale) = e [ 072 [ Gyt =ia + g
Therefore, the Cnones distance is expressed as:

1 ik-r i(k- * i1k-x
p(C1. o) = sup et — ] [0 / (@)™ Go(z + q)d2al

g %]

X (k,q)
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We want to find the maximum of X (k, q) over q. The overlap ((o(z)|¢o(z + q))
is maximized when ¢ = 0, and consequently, the integral becomes the fourier
transform of the probability density. Thus, assuming (; is a normalized gaussian

=2
with width o, {o(x) = \/;Tefﬁ
1 ] . .
dD<<1,<2>::supAﬂ%ﬂwelkrl——eﬂk¢2||j/elkfnco<x>n2d2x|
k
= sup i ‘6ik-r1 _ eik-r2| |67%|

ko E

X (k,0) is maximized when k = 0. Therefore, taking the limit when &k — 0, or
decomposing it as a constant times a unit vector k£ = ot when o — 0

1 . o
allm 7|ezan~71 _ ela"'72| = |ZO[’FI: . (rl - 7“2)|

—0 «

To maximize this dot product, we choose 7@ = r; — ro which gives ||r; — rof|

5.1.2.2 Non zero uniform magnetic field We introduce a uniform mag-
netic field B. We choose the Landau gauge defined by:

Ay (r) = By, Ay(r)=0
Substituting in V;(r):

Ve(r) = ks — By + B(y + qy) = k. + Bgy
Vy(r) =k, —0+0=kF,

The spatial coordinate y cancels out. The norm of the Dirac commutator be-
comes independent of position:

ID,alll = sup \/(ke + Bay)? + 5 = /(e + Bay)? + 13

The spatial translation parameter along the x axis, g,, is absent from the con-
straint which represents an unconstrained degree of freedom.
The momentum shift k, and the spatial translation g, are coupled by the mag-
netic field B.

Let N(k,q) = \/(ij + Bgy)? + k2. To saturate the bound in the constraint

I[D, a]|| < 1, we choose our test operator a = x— etlkrtap) @ [,

Using the same logic and derivation for the state functionals evaluated on the
gaussian wavepackets (; and (o centered at r; and ro, the Connes distance
becomes:

dp(¢1,C2) = sup e — e T2 | X (K, q)|

k,q N(k, Q)
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where X (k, q) = e!*0/2 [ (¥ (2)e*(y(z + q)d?x.

Unlike the previous case where B = 0, the supremum is no longer maximized
by ¢ = 0. Because the denominator N(k,q) depends on the entangled term
(ks + Bgy)?, the algebra permits test operators with large spatial translations
gy if they are compensated by a momentum change k, ~ —Bg,. Assuming this
condition, the denominator is bounded by |k, |, which prevents the fraction from
decaying.

Therefore, the distance is no longer the euclidean one ||rq — 72|

5.2 The Discrete Framework
5.2.1 Commutative Algebra
The discrete quantum walk is given by:

W, ~e P ~T—ieD

Therefore )
D="Y(w.-1I
€
ID,a] = 2[W, — I,a]
€
7
::"Lvla
‘W
= E(VVECL —aWy)
€
= (a—WlaW,)
€

We take the commutator norm and because W, is unitary

1
ID,alll = ~[We(a = WlaW)]
1

= ~|jla — WlaW,||
€
1

= Z||[W.,
6H[ alll

Thus, the Connes distance condition becomes in the discrete case:

1
ID,alll <1 <= —[[We,alll <1 = [[We,a]l| <€

Definitions in the discrete case

We restrict our algebra A to the commutative C*-algebra of bounded purely
spatial functions. An operator a € A is diagonal in the position basis and acts
as the identity on the coin space:

a= Zar|r><r|®lg

rez?
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where a, € R.
Let ¢; = |r1) ® |¢) and (o = |r2) ® |¢) be two states on the lattice. Their
functionals are simply:

¢(a) = (r1,¢lalr, ¢) = ar,

¥(a) = (ra,clalry, ¢) = ar,

Using the discrete norm condition, the Connes distance between two lattice
sites is defined as:

dw,(r1,72) = su

p {lar, = ar.| : W, ]l < ¢}
acA

The Commutator

We study the action of W, on a basis state |r) @ |¢), where r = (x, y).

Recall the decomposition from the Causality section: W, = C2DyS,C1DyS,.
Based on the causality proof, the shift operator S, shifts the spatial support by
+e;, and Sy shifts it by +e,. The coin operators C; and gauge phases D, only
modify the internal coin amplitudes and apply local phases, but do not change
the position.

Therefore, a single step of the walk creates a superposition over the four
diagonal neighbors:

We(ly@le))= Y > It seea +5yey) @ U, o, (1) [0)
se€{—-1,1} s,e{-1,1}

where U, s, (r) are 2 x 2 matrices/unitaries. Let 6 = (s.,s,) represent an al-
lowed jump vector, and A be the set of the four diagonal jumps N = {(£1, £1)}.
We rewrite this as:

We(Ir)@le)) =Y Ir+8) @ Us(r) |c)

SEN

Now, we apply the test operator a = )" , a, |r’) (r'|®I.. Since a is diagonal
in the spatial basis, it simply multiplies the state by the scalar a,, corresponding
to its position.

Wea(|ry®|c)) = a,We(|r) ®@]c)) = Z ar |r+0) @ Us(r) |c)
seN

aWe(|r)®|c)) =a (Z r+6) ® Us(r) IC>> =D arslr+6) @ Us(r) |e)

SEN SeN

Subtracting these two terms gives the action of the commutator:

We,al(|r) @ |c)) = Z (ar — arys) |1 + ) @ Us(r) |e)
seN
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Spatial distance

Any jump 6 = (£1,+1) changes the sum of the coordinates (z + y) by either
+2,0, or —2. This means the parity of (z + y) is strictly conserved by the walk
operator We. Consequently, we split the lattice into two independent sublattices
(even and odd). This gives two cases:

Case 1: r and ro € different sublattices: If (z1 4+ y1) and (23 + y2) have
different parities, there exists no path connecting them using jumps from A
The supremum is thus unbounded:

dw, (r1,m2) = 00

Case 2: r; and 3 € the same sublattice: If (x1 +y;) and (22 +y2) have the
same parity, a path always exists. The minimum number of steps to connect
them is given by the maximum of the coordinate differences.

dw., (r1,72) = emax(|z1 — z2, |[y1 — y2|) = €||r1 — 2]/

Lower Bound: Let a(z,y) = ex. Recall W, = C2D,S,C1D,S,. The test
operator a commutes with all operators except the shift S,. Based on the shift
definitions, S, shifts the spatial support by —e, on the Py coin subspace and
+e, on the P; subspace.

To find the operator [Sy, 2], we evaluate its action on a basis state |x) ® |¢):

Sz, 2] (|2) @ |e) ) = Sz |2) @ e) ) — 2 (Sa(|z) ® )
=z(lz-1)@PRlc)+|z+1)@Pilc)) —z(lz—1) @ Pyle) + [z + 1) @ Pi|c))

Because the position operator x multiplies the state by its coordinate value,
the second term evaluates as:

z(|lr — 1)@Py|c)+|z + 1)@Py |c) ) = (z—1) |z — 1)@P, [¢)+(z+1) |z + 1)@Py |c)
Subtracting this from the first term gives:

[Se, 2] ([z) ®c)) =[x — 1) @ Pyle) — |z +1) ® Py )
=S, (I®a.)(|z)®]c))

Therefore, [S;,z] = S (I ® 0,). Substituting this back into the walk commuta-
tor:
(We,a] = €C2D,SyC1D,[Sy, x] = eW (I ® 0,)

and the operator norm is:
[We,all| = €[We(I® o) =ex1=e

This proves a(z,y) = ex is a valid test function. By symmetry, a(z,y) = ey is
also valid. Evaluating these functions between r; and ro gives the differences
€lzy — x2| and €|y — y2|. Taking the supremum:

dw, (r1,72) > emax(|z1 — 2|, [y1 — y2|) = €l|r1 — ra2floo
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Upper Bound: Let a € A be any test function satisfying the norm con-
straint ||[We, a]|| < e. We define Aa = WiaW, — a. Therefore, its norm:

1Aall = [WlaW, — al| = [W[a, W] = [|[We,d]]| < e

Next, we define the time evolved observable after N steps as a(N) = (WHNaWX.
We can expand the total change over N steps as a telescoping sum:

a(N) —a(0) = Y (W' (Aaq)W,

-1
t=0

Taking the operator norm and applying the triangular inequality gives:

N-1 N-1
la(N) —a()] < Y I(WH (Aa)W!]| =" |Aaf < Ne
t=0 t=0

We now apply this global operator bound to our specific spatial points. Let
N = ||r1 — r2|lco- Assume that the function is shifted such that a,, = 0. We
evaluate the expectation value of the evolved operator a(N) on a state localized
at the origin of our path, |11) = |r1) ® |c):

| {(¥1]a(N) —a(0) [¢1) | < Ne

Since (¢1]a(0) [¢1) = a,, = 0, we have:

| (@ (WHYaW X 91} | = [ (¢n|alon) | < Ne

where |¢n) = WX |11) is the state evolved after N steps.

By the Causality theorem proven previously, the spatial support of |pn)
is contained within the causal light cone of radius N centered at r;. Since
N = ||r1 —72||0o, the target site 74 is exactly on the boundary of this light cone.
Because the expectation value (¢ x| a|@n) over the entire causal cone is bounded
by Ne, the test function a cannot physically accumulate a localized spatial
difference greater than this Lieb-Robinson bound without violating causality.
Therefore:

|ar, — ar,| < Ne=e€|r1 —r2loo

By combining the lower bound and the upper bound, the Connes distance
for points on the same sublattice is:

dw, (r1,72) = €||r1 — 72|00
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Connes distance ||r — r1]/co

B : o
i ] [ J { { ;
+ ;
; { ( ( { i
i— -------- ®o-------- T— -------- ®-------- ‘:

5.2.2 Noncommutative Algebra

.

Evolution steps (t)

®! = 0 (Start rq)

ot =1
t=2
ot =3

@t = N =4 (Target r2)

— Shortest path

We evaluate the Connes distance for the quantum walk on the discrete lattice
Z? while keeping the full noncommutative algebra of bounded operators A =

B((*(Z?) ® C?) (unlike the commutative case above).
This algebra is generated by

a = VkSq ® IQ
where

Sqlr) =Ir+aq)

Vilr) = 7 |r)

In order to evaluate the commutator [We, a], we study the action of W, on a
basis state |r) ® |¢). As shown above (in the causality section), the walk applies
a superposition of jumps § € N'= {(£1,£1)}, and coin/gauge matrices Us(r):

We(lr)@le)) = Ir+6) @Us(r) )

SeN

Recall (from causality) that Us(r) depend on the position because they contain

the magnetic gauge phases D, and D,,.
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First

a(lr)®1c)) = ™" |r +q) @ |e)

Wea(lr)®le)) =e*" > |r+q+6) @ Us(r +q) |¢)
SEN

Then
We(lr)@le)) = > |r+6) @Us(r) o)
SeN
aWe( Ir) @ |c>) = Z ik (r+9) Ir 40+ q) @ Us(r) |c)
seN

Therefore, subtracting these two results:

Weal(Ir) @ 1)) = e 3 r+g+8) @ (Us(r + g) — *05(r) ) [e)
SeN

Let Ks(r) = Us(r 4 q) — e'*°Us(r). Consequently, the norm of the commutator
becomes:

IWe,all> =1 Y (r+q+dilr+q+02) @ (c| Ko, (r) Ko, (r) o) |
5162EN

Since § € {(1,1),(1,-1),(=1,1),(=1,=1)}, {r+q+ d1|r + ¢+ 62) = 0 unless
d1 = da.
Therefore, the condition ||[We,al|| < € becomes:

We,alll = [ Y Ks(r) Ks(r)||F = sup || Y Ks(r) Ks(r)|2
SeEN TE€L?  SoN
= sup || Z (Us(r+q) — eik"sUg(r))T(U(;(r +q) — €U (r)|2
r€L? seN
< €

The action of W, to express Us: Recall the definitions from the causality
section. The walk operator is W, = C2D,S,C1DyS,.
We defined s,,s, € {—1,1} as the direction of the discrete shifts along the =
and y axes and P_; = Py = |0) (0| and P, = |1) (1] as the coin projectors in the
jump directions. Thus, a single jump is § = sze, + syey.
Applying the walk operator to a state |r) & |c):

1. First Shift (S,): The walker shifts to r + s,e., conditioned by P;_ .

2. First Gauge Phase (D,): The walker picks up the phase at its new position,
applying the diagonal unitary e*¢4=("+seea)o=

3. First Coin Mixing (C7): The coin state is mixed by applying H.
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4. Second Shift (S,): The walker shifts along the y axis to the final position
T+ 8z€y + Syey = r + 4, conditioned by P, .

5. Second Gauge Phase (D,): The walker picks up the phase at its final
position, applying e?¢4v(7+9)o=

6. Second Coin Mixing (Cs): M.H is applied.
We obtain
Ug(?") _ (MEH) eieAy(r—i-é)o’z Psy HeieAm (r+szeq)o. Psz

No magnetic field: In the absence of the magnetic field, 4, = A4, = 0,
which implies Us(r) = M. HP; HPs,. In that case, Us is independent from the
position 7, and because Us(r + q) = Us(r), Ks(r) = Us(r)(1 — %),

The translation parameter ¢ vanishes, reducing the bound to a constraint on k.

Non zero magnetic field: Us(r) depend on the position r in that case,

which implies Us(r + q) # Us(r)
To keep the commutator norm lower than €, any large shift ¢ must be balanced
by choosing an appropriate k because the e*** is forced to compensate for the
gauge difference between r and r+ q. Therefore, the magnetic field entagles the
position and the momentum.

Numerical Approach

Let the initial state be |1)p) and the evolved one [¢) = Wy i) with Wy
(W.)N. Their associated state functionals are respectively

Cyy (k,q) = (Yolalvho) = (o] Vi Sy @ L¢|to)

th(kyfﬁ = (Yilalhs) = <1/10|WtT a Wylwo)
= (o|WiT (ViuSy ® I) Wi ltho)

Therefore, the Connes distance is given by
. (Y1, ¥0) = sup | (delabi) — (wolalio) |

= sup | (| Wi (ViSy @ L) Wi — (VeS; © Lo)lwo) |
q

= max
ke[—m,w[?, q€Z?

C(k,q) = Cy (k. )|

subject to the constraint

| I
Nl
I

||[W€7 CL]H = r@gﬁ [Amax Z (Ug(?‘ + q) - eik.6U5<T))T(U5<T + Q) - eik'éUﬁ(r))
seN
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6 Conclusion

We established a framework for studying the Dirac quantum walk through the
lens of Noncommutative Geometry. By discretizing the Dirac Hamiltonian, we
constructed a unitary evolution operator and mathematically proved that this
DTQW preserves relativistic causality. We demonstrated that the introduction
of a magnetic gauge field fundamentally changes the structure of the lattice
preventing the spatial translation operators from commuting and entangling
the momentum and spatial coordinates. Using Connes distance, we successfully
recovered the classical Euclidean metric in the commutative limits and high-
lighted the metric changes that appear when the algebra becomes noncommuta-
tive. Unlike the continuous derivations that gave the exact analytical solutions,
the discrete noncommutative framework introduces highly complex constraints.
Consequently, we have formulated the Connes distance in this regime as a con-
strained optimization problem. We are currently working on estimating these
distances numerically.
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